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An essential, hyperconnected, local geometric morphism
that is not locally connected
Jens Hemelaer ∗
Morgan Rogers †
Abstract
We give an example of an essential, hyperconnected, local geometric morphism
that is not locally connected, arising from our work-in-progress on geometric mor-
phisms PSh(M)→ PSh(N), where M and N are monoids.
Thomas Streicher asked on the category theory mailing list whether every essential,
hyperconnected, local geometric morphism is automatically locally connected. We show
that this is not the case, by providing a counterexample. Our counterexample arises from
our earlier work [1] and work-in-progress regarding properties of geometric morphisms
PSh(M)→ PSh(N) for monoids M and N .
We thank Thomas Streicher for the interesting question and the subsequent discus-
sion regarding this counterexample.
The second named author was supported in this work by INdAM and the Marie
Sklodowska-Curie Actions as a part of the INdAM Doctoral Programme in Mathematics
and/or Applications Cofunded by Marie Sklodowska-Curie Actions.
The counterexample
Let M be the monoid with presentation 〈e, x : e2 = e, xe = x〉. Note that each element
of M can be written as either xn or exn for some n ∈ {0, 1, 2, . . . }. Further, let N be the
free monoid on one variable a, so N = {1, a, a2, . . . }. Consider the monoid morphism
φ : M → N which on generators is given by φ(e) = 1 and φ(x) = a. If we interpret
M and N as categories, then φ is a functor. There is an induced essential geometric
morphism
PSh(M) PSh(N)
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given by functors
PSh(M) PSh(N)
f∗
f!
f∗
with the following description, for X in PSh(M) and Y in PSh(N):
• f!(X) ≃ X⊗M N where N has left M -action defined by m ·n = φ(m)n for m ∈M
and n ∈ N , and right N -action defined by multiplication;
• f∗(Y ) ≃ Y with right M -action defined as y ·m = y · φ(m) for y ∈ Y and m ∈M ;
• f∗(Y ) ≃ HomM (N,Y ), where N has right M -action given by n ·m = nφ(m) for
n ∈ N and m ∈ M , and HomM (N,Y ) is the set of morphisms of right M -sets
g : N → Y ; the right N -action on HomM (N,Y ) is defined as (g · n)(n
′) = g(nn′)
for g ∈ HomM (N,Y ) and n, n
′ ∈ N .
For definitions and background regarding tensor products and Hom-sets, in the con-
text of sets with a monoid action, we refer to [1, Subsection 1.2].
Proposition 1. The geometric morphism f is hyperconnected.
Proof. This follows from φ being surjective, see [2, Example A.4.6.9].
Proposition 2. The geometric morphism f is local.
Proof. First, we claim that f∗ has a right adjoint. By the Special Adjoint Functor
Theorem, it is enough to show that f∗ preserves colimits. This is equivalent to the
functor HomM (N,−) : PSh(M) → Set preserving colimits, since colimits in PSh(N)
are computed on underlying sets. By [5, Lemma 4.1] this is equivalent to N being an
indecomposable projective right M -set. To see that N is an indecomposable projective
right M -set, consider the map φ : M → N . It is a morphism of right M -sets, and it
has a section σ : N → M defined by σ(an) = exn. The function σ is a morphism of
right M -sets, so N is a retract of M . Since M is indecomposable projective, and N is a
retract of M , we have that N is indecomposable projective as well.
In order for f to be local, we additionally need that f is connected. But this follows
from f being hyperconnected, see Proposition 1.
Suppose that f is locally connected. Then it follows from the above and [3, Propo-
sition 3.5] that f! preserves binary products. We will show that this is not the case, and
as a result f is not locally connected.
Proposition 3. The functor f! does not preserve binary products.
Proof. Consider the right M -sets M and N , with the right M -action on M given by
multiplication, and the right M -action on N given by n ·m = nφ(m). We claim that
the natural comparison map
f!(M ×N) −→ f!(M)× f!(N)
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is not injective. For a general right M -set X, we have f!(X) ≃ X ⊗M N , where the left
M -action on N is given by m · n = φ(m)n. The right N -action on X ⊗M N is given
by (x ⊗ n) · n′ = x ⊗ nn′. In particular, f!(M) ≃ M ⊗M N ≃ N . Further, the map
N ⊗M N → N , n⊗ n
′ 7→ nn′ is an isomorphism, so f!(N) ≃ N as well.
Using the above, we can rewrite the comparison map as
α : (M ×N)⊗M N −→ N ×N
(m,n)⊗ n′ 7→ (φ(m)n′, nn′)
Note that α((x, 1)⊗1) = (a, 1) = α((ex, 1)⊗1). We will show that (x, 1)⊗1 6= (ex, 1)⊗1,
which implies that α is not injective. First we show that (x, 1) and (ex, 1) are in different
components of M ×N . Write:
A′ = {(x, 1), (x2, a), (x3, a2), (x4, a3), . . . }
A′′ = {(ex, 1), (ex2 , a), (ex3, a2), (ex4, a3), . . . }
B = {(m,n) ∈M ×N : φ(m) 6= an}
It can be checked directly that A′ and A′′ are sub-M -sets of M ×N . From cancellativity
of N it follows that B ⊆ M × N is a sub-M -set as well. So we can write M × N as a
direct sum (coproduct) of right M -sets
M ×N = A′ ⊔A′′ ⊔B.
We have (x, 1) ∈ A′ and (ex, 1) ∈ A′′. Because f! preserves colimits, we find that
(M ×N)⊗M N ≃ f!(M ×N) ≃ f!(A
′) ⊔ f!(A
′′) ⊔ f!(B).
Since (x, 1) ⊗ 1 ∈ f!(A
′) and (ex, 1) ⊗ 1 ∈ f!(A
′′), we have that (x, 1) ⊗ 1 6= (ex, 1) ⊗ 1.
As a result, α is not injective.
From the discussion before Proposition 3 it now follows that:
Corollary 4. The geometric morphism f is not locally connected.
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